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Abstract

We introduce a new method for drawing state variables in Gaussian state
space models from their conditional distribution given parameters and ob-
servations. Unlike standard methods, our method does not involve Kalman
filtering. We show that for some important cases, our method is computa-
tionally more efficient than standard methods in the literature. We consider
two applications of our method.
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1 Introduction
Consider the following Gaussian linear state space model:

Y :Xtﬁ+Zt&t+Gtuta = 17"'777/7 (1)
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at+1:Wtﬁ+ﬂat+Htut, t:1,...,n—1, (2)

ay ~N(ay, P), s ~iid. N(0,1,), 3)

where y; is a p X 1 vector of dependent variables, «; is a m X 1 vector of state
variables, and (3 is a k x 1 vector of coefficients. The matrices X;, Z;, Gy, W;, T
and H; are known. Equation (1) is the measurement equation and equation (2) is
the state equation. Lety = (y1,...,v,) and o = (af, ..., ).

Frithwirth-Schnatter (1994) and Carter and Kohn (1994) introduce a method
for drawing «|y using a recursive approach, for the case p = 1 and ¢ = m +
1. They use the output of the Kalman filter to draw the a; in backwards se-
quence from the conditional distributions ooy 1, .. ., ay,,y. de Jong and Shep-
hard (1995) (DelS hereafter) introduce a procedure for drawing disturbances given
y for the case where p > 1 and ¢ is not necessarily equal to m + p. It is easy to
construct a draw of « using the disturbances. The method is also recursive and
also uses the output of the Kalman filter, but it is more efficient when ¢ < m + 1.
Durbin and Koopman (2002) (DK hereafter) introduce another approach, which,
like that of de Jong and Shepard, uses the Kalman filter, involves drawing distur-
bances rather than states, and allows ¢ to be less than p + m. The approach is
not recursive, however. Rather, disturbances are drawn from their unconditional
distribution and a mean correction is applied to construct a conditional draw. This
approach is typically more efficient than that of de Jong and Shephard (1995).
Computations after the application of the Kalman filter are particularly fast - there
are no matrix-matrix multiplications (although there are matrix-vector multipli-
cations) and no matrix inversions. Furthermore, draws from multivariate normal
distributions are diagonal and do not require a Cholesky decomposition.

In this paper, we introduce a new approach to drawing «|y which does not
involve the application of the Kalman filter. We first compute the precision 2
and co-vector! ¢ of the normal distribution c|y. In most cases, this can be done
very quickly because of redundant computations. Then we efficiently compute
conditional variances >; = Var|oy|agyq, - . ., ay, y] and matrices that can be used
to compute the conditional means F[ay|ayq, - .., ay,y]. Repeated draws of aly
are generated particularly efficiently.

We will show that in many cases our method is more computationally efficient

'If a Gaussian random vector 2 has mean y and variance X, we will call ¥~ the precision of
x and X1 the co-vector of z.



than that of Durbin and Koopman (2002). In its current state, however, our method
works only for the case ¢ = p + m.

In Section 2, we describe our new approach to drawing «|y. In Section 3, we
compare our method with that of Durbin and Koopman (2002), in terms of num-
bers of various kinds of operations. In Section 4, we compare these methods in an
empirical example. We use them to draw stochastic volatility in a Markov chain
developed by Kim, Shephard, and Chib (1998) for posterior simulation in a basic
stochastic volatility model. In Section 5, we compare these methods in a second
emprical example. Here, they are used in an importance sampling application due
to Durbin and Koopman (1997) for approximating the likelihood function in semi-
Gaussian state space models. In our application, the measurement distribution is
multivariate poisson.

2 A New Approach to Drawing States

Instead of specifying the distribution of the time-¢ innovation in terms of G; and
H,, we will give its precision Ay:

N G, - [66 GH]T
s o ([ w)] - [ ]

which we partition as

where A, ; is the leading p X p submatrix of A;. Welet Ay o = P L' be the m xm
precision of oy and A1, = (G,G),) ! be the p X p precision of the time ¢t = n
innovation G, u,,.

We recognize that the distribution of residuals is usually more easily specified
in terms of GG, and H, rather than A,;. In most cases, however, the A, are constant
or take on one of a small number of values, and so the additional computation
required to obtain the A; is negligible.

Clearly o and y are jointly Gaussian and therefore the conditional distribution
of o given y is also Gaussian. We show in Appendix A that the precision {2 and



co-vector c of this conditional distribution are:

Q11 Q1 0 0
Qi Qo Qg : .
Q=10 Qp 0 = . 4)
T o M o M o
0 0 Quna p—
where
Qu = ZtIAll,tZt“‘ZéAlQ,tTt+Tt/A21,tZt+7;/A22,tTt+A22,t717 t=1,...,n—1,
Qun = ZL A110Zn + Ason-1,
Q1= —Ao 12y — Aso Ty, t=1,...,n—1,
Vo1 = —ZA1ay — T/ Aggy, t=1,...,n—1,

a1 = (Z1A1n1 + T A1)y — Xaf) — (Z1 A9 + T{ A1) (W15)
+ A o(WopB + Toay),
. = (ZéAll,t + Tt/A21,t)(yt - Xu8) — (Z£A12,t + Tt/Azzt)(Wtﬁ)

— Aot i1 (ye—1 — Xio18) + Ago i1 (Wia 5),

Cn = Z;LAll,n(yn - X,.0) — A21,n—1(yn—1 — Xp108) + Aso 1 (W1 5).

In general, calculation of the (2;; and (2, ;, is computationally demanding. How-
ever, in many cases of interest, A;, Z; and T} are constant, or take on one of a
small number of values. In these cases, the computational burden is a constant,
not depending on n. We do need to compute each ¢;, but this involves matrix-
vector multiplications, rather than the matrix-matrix multiplications required for
later computations.

As in Frithwirth-Schnatter (1994), Carter and Kohn (1994) and de Jong and
Shephard (1995), we draw the «; in reverse order, each «; from the distribution
ayloyst, - .., ag, y. Standard formulas for conditional Gaussian distributions give

t=2,...,n—1,

@1:t‘@t+1:na Yy~ N(Ml:t - (let,lzt)7lﬂl:t,t+1:n<@t+1:n - ,ut+1:n>7 (let,1:t>71>> 5



where ;1 = Q7 'c and p, o and ) are partitioned as

o= Mt o = it Ql:t,l:t Ql:t,t+1:n
Htt1:n gt 1:n

Qt+1:n71:t Qt—&-l:n,t—i—l:n
with fi1.4, o1, and €2y, 1. having dimensions ¢tm x 1, tm x 1 and tm x tm, respec-
tively.
Naive computation of the conditional mean and variance of o; given ayy 1, ..., QY
is very inefficient. However, we have the following result that permits us to com-
pute these conditional moments in time 7.

Result 2.1 Ifaly ~ N(Q e, Q71), then

E[at|at+17 e, O, ?J] =my — EtQt,t+1at+17
Var[og|aygi1, - - -, y] = 2,
and
Elaly] = (14,5 1),
where

X = (911)71, my = Xy,
Y = (Qtt - Qt,t—lzt—IQt—l,t)_la my = Et(ct - Qt,t—lmt—1)7
Hn = My, My = My — EtQt,tHMtﬂ.

The result is based on a Levinson-like algorithm, introduced by Vandebril,
Mastronardi, and Van Barel (2007), for solving the equation Bx = y, where B
is an n X n symmetric band diagonal matrix and y is a n x 1 vector. We extend
their result in two ways. First, we modify the algorithm to work with m x m
submatrices of a block band diagonal matrix rather than individual elements of
a band diagonal matrix. Second, we show that the intermediate computations
used to solve the equation Qu = ¢ for the mean 1 = E|a|y] given the preci-
sion Q = (Var[aly])™! and co-vector ¢ = (Var[a|y]) ' E[a|y] can be used to
compute the conditional means E|oy|aty1, ..., an,y] and conditional variances
Var[ag|as1, - - -, i, y]. The proof of the result is in Appendix B.

We can now use the following algorithm to draw « from «|y (MMP method
hereafter).

1. Compute 21 = (Qll)_l, my = 2161.



2. Fort =2,...,n, compute

X = (Qtt - Qm—lzt—lgt—l,t)_la my = 2t(Ct - Qt,t—lmt—l)-

3. Draw a;, ~ N(m,, £,,).
4, Fort=n—1,...,1, draw

Qg ~ N(mt - ZtQt,t+1at+17 Zt)-

3 Efficiency Analysis

We compare the computational efficiency of various methods for drawing o|y.
We consider separately the fixed computational cost that is incurred only once, no
matter how many draws are needed, and the marginal computational cost required
to make an additional draw. We do this because there are some applications, such
as Bayesian analysis of state space models using Gibbs sampling, in which only
one draw is needed and other applications, such as importance sampling in non-
Gaussian models, where many draws are needed.

3.1 Pre-computation

All previous methods we are aware of for drawing |y as a block involve the
Kalman filter. The computations are as follows:

et =y — [ Xof) — Zivar, Dy = Z;PZ, + |GGy,

K, = (P Z, + [HG))D;', Ly =T, — K7,
a1 = [(WiBl + Thay + Kyey, Py = [Ty R]L, + [H H)| + [HG)| K,

Here and elsewhere, we use braces to denote quantities that do not need to be
computed for each observation. These include quantities such as [7;F;] above that
are computed in previous steps, and quantities such as [H;H,] that are usually
either constant or taking values in a small pre-computable set.

Table 3.1 lists the matrix-matrix multiplications, Cholesky decompositions,
and solutions of triangular systems required for an iteration of the Kalman filter,
and those required for the computation of >J; and m, using our method. We repre-
sent the solution of triangular systems using notation for the inverse of a triangular



Table 1: Scalar multiplications

Method Operation Scalar multiplications
Kalman PZ! m2p
| P 7} mp?/2
T.([PZ) m2p
D; = YT} (Cholesky) p/6
(TP Z; + H G () Ty mp?
K7, m?p
T,P, m?
[TiB]L; m’
[HG}| K, m2p
MMP (2 — Qp-15:-1%-14) = A¢A} (Cholesky) m3/6
A7 m3 /2
Q1451 = [N Qe [AT Qe 4] m? /2

matrix, but no actual matrix inversions are performed. It also gives the number
of scalar multiplications for each operation as a function of p and m. Terms of
less than third order are omitted. All operation counts, here and elsewhere, are
per observation. We ignore matrix-vector multiplications, whose costs are mere
second order monomials in m and p rather than third order. We take the computa-
tional cost of multiplying an M; x Ms matrix by an My X Mg matrix as My My M
scalar floating-point multiplications in general. If the result is symmetric or if one
of the matrices is triangular, we divide by two. It is possible to multiply matrices
more efficiently than using the direct method, but the dimensions required before
realizing savings are higher than those usually encountered in state space models.
We take the cost of the Cholesky decomposition of an M x M matrix as M3 /6
scalar multiplications, which is the cost using the algorithm in Press, Teukolsky,
Vetterling, and Flannery (1992, p. 97). We take the cost of solving a triangular
system of M equations as M? /2 scalar multiplications.

The efficiency of our method relative to that of Durbin and Koopman (2002)
depends on various features of the application. In some cases, such as those where
all the elements of 7; and Z; are zero or one, certain matrix multiplications do not
require any scalar multiplications. The de Jong and Shephard (1995) simulation
smoother requires an additional Cholesky decomposition of a m x m matrix and
several additional matrix-matrix multiplications.



3.2 Drawing o

Compared with the fixed cost of pre-processing, the marginal computational cost
of an additional draw from aly is negligible, both for our method and that of
Durbin and Koopman (2002). In particular, no matrix-matrix multiplications, ma-
trix inversions, or Cholesky decompositions are required. However, when large
numbers of these additional draws are required, this marginal cost becomes im-
portant. It is here that our method is clearly more efficient than that of Durbin and
Koopman (2002).

For Durbin and Koopman (2002), an additional draw from «|y requires the
following computations. The first step is forward simulation of the model:

O‘ttrl = [W5] + Tyou + Hywy, y;r = [XiB] + Ziow + Gruy,

where u; ~ N (0, I,). The next step is the iteration of the Kalman filter for ;" in
place of y,. Only the following quantities need to be recomputed:

_ .t _
€t =Y, — Ztat, A1 = Ttat + Ktet.

The next step is the backwards recursion of equation (5) in Durbin and Koopman
(2002):
Tn = O, Trt—1 = Zthlet -+ L;Tt.

The final major step is the computation of @* according to equation (8) in Durbin
and Koopman (2002).

A At At /
& = a1+ Piro, &4 = Th68 + [HHry.

de Jong and Shephard (1995) draw «|y using the following steps, given in
equation (4) of their paper. First ¢; is drawn from N (0, 0>C;), where the upper
Cholesky factor of o2C; can be pre-computed. Then 7, is computed using the
backwards recursion

ri—1 = [Z,D;  el) + Lyry — [V/C; Yer.
Next, ay11 1s computed as
a1 = [WiB] + Tioy + Qi + €.

In our approach, we draw, for each observation, a vector v; ~ N(0, I,,,) and
compute
—1
ap =my — B Q1] + A v

8



Computing A; 'v; using A, (which is triangular) requires m(m — 1)/2 multipli-
cations and m floating point divisions. If we are making multiple draws, we can
compute the reciprocals of the diagonal elements of A; once and convert the divi-
sions into multiplications.

4 Example 1: A Stochastic Volatility Model

Kim, Shephard, and Chib (1998) (KSC hereafter) introduce a Markov chain for
posterior simulation of the parameters and state variables of a stochastic volatility
model. This model features the measurement equation

Uy = eXp(at/2>€ta

and the state equation

a1 = (1 = @)a + dpay + oan,

where (e, 7:) ~ N (0, I2) and the state equation is stationary. We let 0 = (@, ¢, 0,,).
KSC linearize the model by taking the log of the square of the measurement
equation:
log j&f = oy + log etz.

Then they define y; = log(y? + ¢) as an approximation to log 2. The value of ¢
is chosen just large enough to avoid problems associated with values of 1, close
to or equal to zero. Then they approximate the log x? distribution of ¢; = €? as a
mixture of K normals. They tabulate means my, and variances o3, k = 1,..., K,
for a mixture with K = 7 components.

KSC then augment the approximate linear model by adding a sequence s =
(s1,...,8,) of component indicator variables. The conditional distribution of
(0, «) given y is preserved and the conditional distribution of (#, ) given s and y
is given by the following linear state space model:

Ye = My, + 0y + 05,6,

g :@_‘_O—a/\/ 1 _¢27 O = (1_¢)@+¢Qt—l+0—ant'

To simulate the joint posterior distribution of «, # and s, KSC employ a
Markov Chain whose transition distribution is defined by the following sweep.

1. Draw 6|s, y.



2. Draw afs, 0, y.
3. Draw s|a, 0, y.

They also describe how to reweight a posterior sample in order to correct for the
approximation of the distribution of y; — a; as a mixture of normals.

KSC use the method of DeJS to implement the draw of a|s, 6, y. This involves
a forward pass using the Kalman filter and a backward pass using the DeJS sim-
ulation smoother. They also use the output of the Kalman filter to evaluate the
density f(yl|6, s), used for drawing 6|s, y.

Application of our method or that of DK to draw «|s, 6,y also yields inter-
mediate quantities that can be used to easily compute f(y|0,s). Therefore the
DelJS, DK and MMP methods can be used interchangeably for sampling the KSC
Markov chain.

We now compare in detail the computational efficiency of all three methods
by counting computational operations per observation. We count separately the
operations required to compute intermediate quantities, to draw « using the inter-
mediate quantities and to evaluate f(y|6, s) using the intermediate quantities.

In the DelJS approach, pre-processing involves the application of the Kalman
filter and the computation of D; 'e,. The computations are the following:

a=a, P=o./(1-¢%),
er = [y — M, — ay, Dt:Pt'f‘O'Qt KtquPtDt_lv Ly = (¢ — Ky),
a1 = [(1 — ¢)a) + ga, + Kyey,  Pry1 = [@P]Ly + 02,
(D "ey).

Table 2 gives numbers of operations per observation, under “DeJS Precompute”.
Drawing oy, 6 involves applying the DeJS simulation smoother. Given the
sequences e;, D, ! K,, L, and D, le,, the computations are the following:

Up=0, 1, =0,
Nt = Dt_l + Kt(KtUt), ny = [Dt_let] - Kﬂ”t, Ct == O':i - O';ltNt,

G=+vVCNo1, V= O'i(Nt — ¢[KUL)), 11 = [D; e + Loy — (Vi) Cy) G,
U= D'+ LU+ Vi[Vi/Cl, aw = [y — m] — o me — e
Numbers of operations per observation are tabulated in Table 2 under “DelS

Draw”.
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Given the sequences ¢;, D; ', K;, L, and D; 'e,, we can evaluate f (y]0, s)
using the following equation:

1 n
f@l0, ) = (2m) " exp | =5 D log Dy + [D; edder| (6)
t=1

Numbers of operations per observation are shown in Table 2 under “DelJS Evalu-
ate”.

We now count operations using the DK method. Precomputation involves
running the Kalman filter, but only computing the quantities Dy, D; ', K;, L, and
P,. Numbers of operations are shown in Table 2 under “Kalman variances”.

Using the Kalman variances, a draw of « using the DK method involves the
following steps. The first step is to draw o™ and y™ from the joint distribution of
(07 — by ooy Oy — iy Y — Mg, — [y« -+, Y — Mg, — j1), using forward simulation:

Oéir = [UfZL/<1 - ¢2)]7 a:r = qbajfl + UhNO,h yt+ = Oét+ + UStNO,l-

The second step is running the Kalman filter forward, only computing e; and a1,
using y; — ms, — i — y; in place of y;:

a1 =0, e =[y—ms]—p—y —a, a1 =a+ Key.
The fourth step is running the DK backwards smoother, using equation (5) of DK:
rn=0, 1= Dt_let + L1y
The fifth step is to compute o using equation (8) of DK:
o =07 /(1 — ¢*)ro, of =dar | +orriy.
The final step delivers a draw from o
o =a +pu+aj.

Numbers of operations are shown in Table 2 under “DK draw”.
Computing f(y|«, s) using the Kalman variances involves computing the Kalman
means e; and a; using y;:

ap =0, e =y —a;, Q1= [(1 - ¢)M] + opa, + Kiey,

computing D; *e;, and computing f(y|0, s) using (6). Numbers of operations are
shown in Table 2 under “DK evaluate”.
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We now turn to the MMP method. We first count the operations required to
compute intermediate quantities. The computations are the following:

o = Jwal=@)a] +[wi(ye —my)]  t=1n
t Wa(l = @) + [we, (g —ms,)] 1<t <n,

E1 - (wa —FCUSt)il, H1 = Z:1017

IS {[(1+¢2)Wa]+‘%t_[¢2wi]zt71}_17 Uy = [pwalXs, = Epcr+ .

Numbers of operations are tabulated in Table 2 under “MMP Precompute”.
The operations required to draw « given y and s are the following:

p = fhy + V2 Noa, o = ply — Yoy + /2Ny

Numbers of operations are tabulated in Table 2 under “MMP Draw”.
We now consider the computation of f(y|0, s) as a function of 6. The laws of
conditional probability give

f(a]0)f(y]0,a)
flaly.0)

This equation holds for all values of a. Also, f(y|f,«) does not depend on 6.
Therefore, as a function of 6,

flo) =

f(al0)

f(ylo) < F(aly.0)

(7)

a=0

We have
f(@]0) ox wi*(1-¢%) exp {—% [(1 — ) —a)’ + > (= (1 - 9)a — gay)’

and therefore
F@l8)lmg o w21 = ¢%) exp {2262 [(1 = ¢%) + (n = 1)(1 = 6)?] }

which can be evaluated in constant (not depending on n) time.
Turning to the denominator of (7), we have

flaly,0) = (27?)_T/2|Q|1/2 exp [—%(a —a)Qa — &)} ,

12



Table 2: Computational costs per observation

Algorithm +/— x =+ log N Noa
1 Kalman variances (D;, D; ', K, L;, P;) 3 3 1
2 Kalman means (e, a;) 3 2
3 Dle 1
4 f(y|,s) using D; ', e;, D; 'ey 2 1 1
5 DelS pre-compute (1,2,3) 6 1
6 DelS draw (Ny, ny, Cy, Vi, 11, Uy, o) 10 13 1 1 1
7 DelS evaluate (4) 2 1 1
8 DK pre-compute (1) 3 3 1
9 DK draw (o, y;", er, as, me—1, O, i) 10 9 2
10 DK evaluate (2,3,4) 5 4 1
11  MMP pre-compute (cq, 3¢, ¥y, my) 4 4 1
12 MMP draw 2 2 1 1
13  MMP evaluate 3 2 1
and so

Y

1 n
flaoy, 0)],—q o< exp [—5 ; log ¥4 + pecy

where = Elaly, s|. We compute p using the recursion

M = My, [y = My + Yyflpy.

Numbers of operations are shown in Table 2 under “MMP evaluate”.

We profile code for all three methods to see how they perform in practice.
We use data on the French Franc exchange rate from January 6, 1994 to January
15, 1999. We construct the series r; = log P, — log P,_1, where P, is the noon
rate for the French Franc in U.S. dollars. Our data source is the web site of the
Federal Reserve Bank of New York. We simulated 50000 periods of the KSC
chain for each of the three methods. Table 4 gives the computational cost of pre-
computing intermediate quantities, drawing « and evaluating f(y|6, s), for each
of the three methods. We normalize the cost of DelJS precomputation to unity. In
our implementation, each iteration of the KSC chain transition requires two pre-
computations, two evaluations and one draw. The total time required to draw the
chain using the DK method was 13.5% more than that required using the DeJS
method. Using the MMP method, the total time was 17.3% less.
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Table 3: Time costs relative to Del]S pre-compute
DelS DK MMP
pre-compute 1.000 0.679 0.843
draw 1.114 1492 0.428
evaluate 0.149 0.398 0.252

5 Example 2: A Semi-Gaussian State Space Model

Durbin and Koopman (1997) show how to compute an arbitrarily accurate eva-
lution of the likelihood function for a semi-Gaussian state space model in which
the state evolves according to equation (2), but the conditional distribution of ob-
servations given states is given by a general distribution with density (or mass)
function p(y|«). To simplify, we suppress notation for the dependence on 6, the
vector of parameters.

The approach is as follows. The first step is to construct a fully Gaussian state
space model with the same state dynamics as the semi-Gaussian model but with a
Gaussian measurement equation of the following form:

Y = [t + Zpoy + Uy, (8)

where the v, are independant N (0, =;) and independant of the state equation in-
novation. Z; is any matrix such that the distribution of y given o depends only on
the Z;c. They choose ; and Z; such that the implied conditional density g(y|«)
approximates p(y|a) as a function of a near the mode of p(aly). The next step
is to draw a sample from the conditional distribution of « given y for the fully
Gaussian state space model. The final step is to use this sample as an importance
sample to approximate the likelihood for the semi-Gaussian model.

The Gaussian measurement density g(y|«) is chosen such that log g(y|«) is a
quadratic approximation of log p(y|«), as a function of «, at the mode & of the
density p(«|y). Durbin and Koopman (1997) find this density by iterating the
following steps until convergence to obtain f; and =;:

1. Using the current values of the y; and Z;, compute & = E,[a|y|, where
E, denotes expectation with respect to the Gaussian density g(«|y). Durbin
and Koopman (1997) use routine Kalman filtering and smoothing with the
fully Gaussian state space model to find &.

14



2. Using the current &, compute the yi; and =, such that log p(y|«) and log g(y|«)
have the same gradient and Hessian (with respect to «) at &. Durbin and
Koopman (1997) show that x; and =; solve the following two equations:

Ologp(yeldn) 4

J— ‘: —_— Z A _— pr—
8(Ztozt) t (yt 1O ,Ut) 0, )
0? 10gp(yt|dt) -1
+ = = 0. 10
8(Ztat>6<ZtOét)/ t ( )

It is interesting to note that this delivers the specification of the measurement
equation error of the fully Gaussian model directly in terms of the precision Z;*
rather than the variance =; directly.

The likelihood function L(f) we wish to evaluate is

L6) = ply) = / p(y, a)da = / pyla)p(a)da. (an

Durbin and Koopman (1997) employ importance sampling to efficiently and ac-
curately approximate the above integrals. The likelihood for the approximating
Gaussian model is
9y, o glyja)pla
Ly(0) = g(y) = w,2) _ glulalpl )- (12)

g(aly) g(aly)

Substituting for p(«) from (12) into (11) gives

L(6) = 1,(6) [ B0 ataly)da = Ly(0), uwla)) 13
where
w(a) = plyla)
9(yla)
One can generate a sample oV, . .., ™) from the density g(c|y) using any of the

methods for drawing states in fully Gaussian models. An unbiased Monte Carlo
estimate of L(0) is

Ly(0) = Ly(0)w, (14)

where w = N~ 2N w(a®).

15



It is usually more convenient to work with the log-likelihood, and we can write
log L1(8) = log L,(6) + log @. (15)

However, Ellog w] # log E,[w(a¥], so (15) is a biased estimator of log L(6).
Durbin and Koopman (1997) propose an approximately unbiased estimator of
log L(#) given by

2

. . s2
log Ly () = log L,(6) + log w + SN’ (16)

where s2, is an estimator of the variance of the w(a(") given by

5.1 Modifications to the Algorithm for Approximating (0)

We describe here three modifications of the Durbin and Koopman (1997) method
for approximating L (). The modified method does not involve Kalman filtering.

First, we use the MMP algorithm to draw « from its conditional distribution
given y.

Second, we compute L (6) as the extreme right hand side of equation (12).
The equation holds for any value of «; convenient choices which simplify compu-
tations include the prior mean and the posterior mean. See our stochastic volatility
example for an example.

Finally, in the rest of this section we present a method for computing the 1,
and Z; of the fully Gaussian state space model. It is based on a multivariate
normal approximation of p(«/|y) at its mode and the application of Result 2.1. It
is computationally more efficient than Kalman filtering and smoothing.

We first compute & by iterating the following steps until convergence.

1. Using the current value of &, find the precision H and co-vector ¢ of a Gaus-
sian approximation to p(«a|y) based on a second-order Taylor expansion of
log p(«) + log p(y|cv) around the point .

2. Using the current values of H and ¢, compute i = H ~1¢, the mean of the
Gaussian approximation, using Result 2.1.
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We then use equations (9) and (10) to compute the j; and =;.

We compute the precision H as H + H, and the co-vector  as ¢ + ¢ where H
and ¢ are the precision and co-vector of the marginal distribution of «, and H and
¢ are the precision and co-vector for a Gaussian density approximating p(y|«) as
a function of « up to a multiplicative constant.

The precision H and co-vector ¢ are given by

1 —¢ 0o - 0 0 -
_¢ 1_|_¢2 _¢ 0 0 1_¢
1 0 —¢p  1+¢* - 0 0 _a(l—9¢) ,
H:_ . . . . . ) 027 N
Q : : : : : Q 1_'¢
0 0 0 - 1+¢*> —9¢ |
0 0 e L

We compute H and ¢ as follows. Let a(a;) = —2log[p(y:|ow)]. We approxi-
mate a(ay) by a(ay), consisting of the first three terms of the Taylor expansion of
a(ay) around Gy:

. . . . 1, R
a(oy) = alay) = a(dy) + a' (&) (o — &) + ia’ () (o — )2
If we complete the square we obtain
d(@t) = ht(CYt — Ct/ht)Q + k,

where
ht = §G//(édt),
o 1 1(~
G = htAt — 5@ (Cl{t)7

and £ is an unimportant term not depending on «,. Note that h; and ¢, are the pre-
cision and co-vector of a univariate normal distribution with density proportional
to exp[—2a(ay)].

Since log p(y|«) is additively separable in the elements of «, it means that
it is reasonably well approximated, as a function of a, by []._, exp[—3a(ay)],

which is proportional to a multivariate normal distribution with precision A and
co-vector ¢, given by

hi O 0 .
- 0 hy -+ O !
H= . . . and c¢=

0 0 hy or




5.2 A Multivariate Poisson Model with Time-Varying Intensi-
ties

As an example of a semi-Gaussian state space model, let us consider a case where
Y+ = (Yu1, - - -, Yrp) is a process describing multivariate count data. To model y;, we
take the constant-parameter one-factor multivariate Poisson (MVP) distribution in
Winkelmann (2003, Section 5.1) and let the vector \; = (A, ..., Ay,) of count
intensities be time varying and stochastic. Thus the conditional distribution of v,
given )\ is given by

Pty Ytpl Ay - Ap) = expl—(Aa -+ Ay +7)] ¥

"y o
L T s a— )
=0 u! (yn — u)! (Yep — w)!
where s; = min(y, . . ., yy,) and y is a parameter. Given ), each y;; is Poisson(\y;+
7). Fori # j, Var(y,) = A\ + v and Cov(yy, yij) = 7.
The latent count intensities A, ..., Ay, are assumed to follow
A1 exp(z1ay)
= : ) (18)
Aip exp(zpon)
a1 = (I—@)a+ oo+ e, (19)

where ¢; ~ iid. N(0,Q). We assume that given the process {¢;}, the y; are
conditionally independent, with conditional probability mass function given by
(8). We take a; and the z; to be scalar, although we could allow them to be
vectors. We impose the identification restriction z; = 1. The parameters of the
model are § = (&, ¢, Q, 7, 22, . - ., 2p)-

We now turn to the problem of estimating the likelihood L(6) of this partic-
ular semi-Gaussian model using the approach of Durbin and Koopman (1997).
We first need to determine the matrix Z; in the measurement equation (8) of the
fully Gaussian model. For cases like this one where the measurement distribution
is in the exponential family, they provide a choice for Z;, which in our case is
Zy = (1,21,...,2,). See Section 4.1 and especially equation (24) in Durbin and
Koopman (1997) for details.

We compare the computational efficiency of all three methods for estimating
the likelihood for this semi-Gaussian state space model. We do so by counting
computational operations and profiling code.
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Since a large number of draws from g(«a|y) is required for a good approx-
imation of L(f), we focus on the marginal computational cost of an additional
draw. We will see that for a typical number of draws, the computational overhead
associated with the first draw is small.

In the DeJS approach, one additional draw «; requires the following compu-
tations per observation?:

g = [Dt_let] — Kjri, € = [Otl/g]N(Oa 1), ne = Ling + €,
ZOét = [yt — /Lt] — M, Tt—1 = [Z’D;let] + L;Tt — [‘/t/C;I]Gt.

In the DK approach, one additional draw requires the following computations
per observation. There is a forward pass to simulate v;:

< 767? ) - { 0 E[zj@] } N (0, Ipi1),

ve = Zag+pu+ €,
a1 = ¢a+n — K.

This is followed by a backward pass:

& = Zu(D; v — Kiry),
Tt—1 = [Z’D;l]vt + Lg’f’t,
gt = gt — ézr‘ + Ej,
Zay = [?Jt - Mt] — €.

In the MMP approach, one additional draw requires the following computa-
tions per observation®:

Q. = My — [EtQt,tJrl]OétJrl + [\/ Zt]N(O, 1)

We profile code for all three methods to see how they perform in practice. We
use data on the number of transactions over consecutive two minute intervals for
four different stocks in the same industry. For one business day (November 6,
2003), we look at all the transactions for four different gold-mining companies:
Agnico-Eagle Mines Limited, Barrick Gold Corporation, Gold Fields Limited and

2For the draw ¢, since the rank of C; is one, we only need to multiply a single N (0, 1) draw
by the square-root of the diagonal elements of C. This count as p multiplications.
3Adding p multiplications for Za.
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Table 4: Computational costs per observation per additional draw of o

Algorithm  +/— X Noa
DelS 3p + 2 p+p*+2p+1 1
DK 6p+3 plp+1)/2+2p°+4p+3 p+1
MMP 2 2+0p 1

Goldcorp Inc. We use all the transactions recorded during normal trading hours
on the New York Stock Exchange Trade and Quote database. This gives 195
observations for each series. The data are plotted in Figure 1. Table 5.2 gives the
ratio of the time cost in 100ths of seconds of (i) simulating N draws o) of length
195 and (ii) the total cost of evaluating the log-likelihood once, which consists of
the former plus some overhead, including the computation of y;, =, & and the
w(a™). All times are averaged over 100 replications*.

For all three methods, we compute & using the fast method presented in Sec-
tion 5.1. This puts all methods for drawing states on an equal footing. We point
out, though, that this gives a small advantage to the estimation of L(f) using ei-
ther the DelJS or DK methods, relative to the case where the Kalman filter and
simulation smoother are used to compute .

First, we see that the cost of evaluating the log-likelihood over and above the
cost of drawing the states is between 0.4 (N = 1) and 0.45 seconds (N = 100)
and that it is the major cost for small number of draws. Second, except for the
case N = 1, DelS is computationally more efficient than DK, by a factor of about
2 with N = 100. Third, MMP is much more computationally efficient than DeJS
and DK for any number of draws, with the efficiency increasing with N. As a point
of reference, Durbin and Koopman (1997) consider N = 200 (combined with
antithetic and control variables) as an acceptable value in an empirical example
they consider.

6 Conclusion

In this paper we introduce a new method for drawing state variables in Gaussian
state space models from their conditional distribution given parameters and ob-
servations. Unlike standard methods, such as de Jong and Shephard (1995) and
Durbin and Koopman (2002), our method does not involve Kalman filtering. It is

4The simulations were performed on an AMD Athlon(tm) 64 X2 5600+ cpu.
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Figure 1: Transactions data

Table 5: Ratio of the time cost of drawing () to the total cost of evaluating the
likelihood, as a function of the number of draws N. Figures are in 100ths of

seconds.
Method N =1 N =10 N =25 N =50 N =100
DelS 10.0/51.1 24.8/66.1 50.1/91.1 87.3/128.9 168.0/213.6
DK 6.5/48.5 34.3/75.6 82.2/122.9 162.3/203.2 320.2/362.2
MMP 3.0/44.2  8.0/52.3 17.6/59.2 32.2/73.9 62.8/107.1
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instead based on a Levinson-like algorithm, introduced by Vandebril, Mastronardi,
and Van Barel (2007), for solving the equation Bx = y, where B is an n X n sym-
metric band diagonal matrix and y is an X 1 vector. We extend their result in two
ways. First, we modify the algorithm to work with m x m submatrices of a block
band diagonal matrix rather than individual elements of a band diagonal matrix.
Second, we show that the intermediate computations used to solve the equation
Qu = c for the mean . = E[aly| given the precision = (Var[a|y])™' and
co-vector ¢ = (var[a|y]) "' E[a|y] can be used to compute the conditional means
Elay|ayia, . . ., oy, y] and conditional variances Var|ay|ay i1, - . ., g, Y-

We show that for some important cases, our method is computationally more
efficient than standard methods in the literature. These methods use Kalman fil-
tering, which involves solving systems of p equations in p unknowns, requiring
O(p?) scalar multiplications. If the A; can be pre-computed, or take on only a
small number of values, our method requires no operations rising faster than p? in
p. Our method is also particularly efficient for applications in which several draws
of « are required for each value of the parameters of the model.

We consider two applications of our methods. The first is posterior simulation
of the parameters and state variables of a stochastic volatility model. The second is
evaluation of the log-likelihood of a multivariate Poisson model with latent count
intensities.

A Derivation of ¢) and ¢

In this appendix, we derive the expression (4) for the precision and co-vector of
the conditional distribution of the state variable o given the dependent variable y.
We can express the joint density of y and « as follows:

1

f(y, @) ocexp [—59(% a)} :

where

9(y,a) = (g —ay)' Py oy —ay) (20)
1

< Y — Xo8 — Zyoy / GtGQ GtHé - v — Xi8 — Zyoy
- A1 — Wtﬁ — TtO{t HtGé Hth/ (O Wtﬁ — TtOét

t
+ (yn - Xnﬁ - Znan),(GnG;L)_l(yn - Xnﬂ - Zn&n)
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We then expand the time ¢ term of (20) and organize terms, obtaining

(yt - Xtﬂ)/An,t(yt - Xtﬁ) - (yt - Xtﬁ)/Am,t(Wtﬁ) (21)
—(WiB) Aori(ye — Xi8)' + (Wi 3) Ao s (Wi 5)

— [y — XuB) (A1142; + A1 Th) — (Wtﬁ)/(Am,tZt + Ao i Th)] v

- Oél/g[(ZéAn,t + Tt,Azl,t)(yt - Xif3) — (Zt,Au,t + Tt/Azzt)(Wtﬁ)]

+ Oé:g[Zt,All,tZt + ZgAlz,tTt + Tt/AQl,tZt + Tt,Azz,tTt]Oét

— [y — Xef) Arap + (WiB) Aga e aieg

- Oél/g+1[_A21,t(yt — Xif3) + Ao (W5)]

+ Oé;+1A22,tat+1

+ oy[—Zj Ay — Ty Asag]

+ a;+1[_A21,tZt — Ao Ti|o

The conditional density f(a|y) must be proportional to f(y, ) as a function
a. We can write this as

f(aly) < exp —%(a — Q7 )Qa— Q) |,

where (2 is the conditional precision of « and c is the conditional co-vector. That
is, 2 = Y ~'and ¢ = X7, where . and X are the conditional mean and variance.

Equating (o — Q') Q(a — Q7 1¢) with expression (20) and matching terms
of the form oA and a; Bay, with the help of (21), yields (4).

B Proof of Result 2.1
Suppose aly ~ N(Q27tec, Q7!) and define
¥ = (1), my = Xic,

2= (Qtt - Qt,t—IEt—IQt—l,t)_la my = 2t(Ct - Qt,t—lmt—1>-

Now let pt,, = my, and fort = n —1,...,1, let p, = my — X0 ¢ 41p441. Let

o= (s 1)
We first show that Q. = ¢, which means that u = E[a|y):

Quipg + Quopre = Qll(ml - 21912#2) + Quapto
= Q11((911)_101 - (911)_1912M2) + Qoo = c1.
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Fort=2,...,n—1,

Q1 pte—1 + Qugpre + g1l
= Qep1(me—1 — Se1Qo1ete) + Queper + Qe pe1 e 41
= Qepoamu1 + (e — Qo1 X1 Q1 4) e + Qi1 flea
= Qpamyq + Zt_lm + Qi pp1 e
= Oamyq + Et_l(mt — e 1 i) + Q1 it
Qimamy—q + (0 — Qegoamy—) = ¢

Qn,n—l,un—l + an,un - Qn,n—l(mn—l - En—lgzn—l,nlfbn) + anun
= Qn,nflmnfl + E;IIJJn
= Qn,n—lmn—l + Eglmn

Qn,n—lmn—l + (Cn - Qn,n—l)mn—l = Cp.

We will now prove that E|oy|oui1, ..., an, y] = my — 38 1410441 and that
Var[oy|agst, - - - o, y] = 5. We begin with (5) and note that the only non-zero
elements of {2y ¢41., come from €2, ,.,;. We can therefore write the univariate
conditional distribution o |ov 1., as

arlagsirn ~ N(p — ((let,lzt)_l)ttQt,t+1(at+1 — flt1), ((let,lzt)_l)tt>-
The following inductive proof establishes the result Var|oy|ay i1, . .., an, y] = Sy
(911)_1 =X
((Qlct,lst)_l)tt = (Q— Qt,l;t—l(let—l,l:t—l)_191:t—1,t)_1
= (Qu— Qt,t—IEt—IQt—l,t)_l = Y.

As for the conditional mean,

Mt — EtQt,t+1(at+1 —fiepr) t=1,...,n—1

E[Oét|at+17 ce ,Oln,y] =
i t =n.

By the definition of 14, my = iy + 348 44144441, SO We obtain

my — S0 t=1,...,n—1

E[Oét‘Oét_;,_l, s aarwy] = {
My, t =n.
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