DRAFT coMPLEX BEHAVIOUR IN CHALLENGING
SOCIAL SITUATIONS

DAVID GOFORTH AND DAVID ROBINSON

ABSTRACT. Social situations can be modeled as games with payoff-struc
tures. The complexity of the situation emerges from thegpatbf pay-
offs. Inferring the outcome of the game from the payoff maisi the
conventional approach to describing, predicting or pibsty behaviour
of participants. This approach makes a strong assumpticetiohality
of the players and suffers from other drawbacks as well. ¥/Nihsh
[8] proved a mixed equilibrium always exists, this appeglimiversality
comes at a price. Mixed equilibria are not a natural and biednodel
of decision-making behaviour. Indeed, it has been showneffigient
algorithms to compute mixed equilibria likely do not exist &ll games.
[3] The pure Nash equilibrium, a more appealing model of b,
fails on universality: a subset of games - and a growing prtigooas the
number of players and choices increases - do not posses® &psh
equilibrium.

Miller [5],[6] describes unpublished research in whichbekt a direct
approach to investigating the complexity of player behawitn a series
of evolutionary experiments on all the strictly ordinak2 games, he
qguantified the complexity of behaviour of the players thatseded.

Working from Miller’s original data, we present a systernativerse
treatment of the complexity of social situations on the pssrthat com-
plex behaviour implies the game is challenging. Applying thpologi-
cal map of the Z 2 games that we have developed[9], we demonstrate
how complexity is distributed in payoff space and relatedbmplexity
to readily identifiable features of the games.

1. COMPLEX SITUATIONS AND BEHAVIOUR IN 2 X 2 GAMES

Modeling a social situation as a game is done with the expentaf
learning something about the features of the situation awdthe partic-
ipants react to them. Classical analysis takes the payafttsire of the
game as given and attempts to infer the strategic choicdseqflayers and
the outcome of the interaction. The players are assumed tatlmmal,
meaning they are presumed to have (i) the goal of maximizieg own
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payoff and (ii) a strategy to achieve the goal. One modesiral goal is
avoidance of the worst payoffs and there is a universalgogiffe algorithm,
Maximin or selecting the set of outcomes with the greatesimum pay-
off, for achieving it. For any more ambitious interpretatiof the rational
goal, the prescription of a universal strategy for all gamgsoblematic.

The problem is evident even in the simplest of models, thetsirdinal
2 x 2 games which we will use throughout this paper. The most lwide
known and applied solution concept, the pure Nash equilibyidescribes
what a rational player's goal outcome might be but makes sertiens
concerning how the player should achieve it. For som&2james, there is
no outcome defined and for others, there are two Nash eqailiBor a few
games, including the infamous Prisoner’s Dilemma, the Naghlibrium
identifies an outcome that is Pareto-dominated, clearlylds evith goal of
rational players to optimize their payoffs. When the nuntdifegplayers or
choices increases, the proportion of games where the Nagdibegm fails
also increases.

The mixed Nash equilibrium is a related approach that isamsally ap-
plicable and specifies both the goal and behaviour of a ratglayer, how-
ever the behaviour is specified probablistically and thénmotn payoff is
an expected value. The main drawback however is that thendietztion of
the probabilities is demonstrably complex () and stret¢thesassumption
of player rationality.

Part of the problem in defining solution concepts comes frioendefini-
tion of the games themselves. While the quantification imgeof strategies
and payoffs is universally applied, the procedure for ptaless clear and
more variable. What information do players have? Can théglworate?
Is play concurrent or sequential? Is the game played oncepzratedly?
When the rules of play are explicitly specified, it is possibbd propose
better solution concepts, taking advantage of the additioonstraints.

Nash proposed a solution concept, the Nash bargainingaadf) whereby
players negotiate to an agreed outcome. This approach elsglres the
outcome is in the Pareto set and maximizes the combined fpagpénds
on collaboration between the players and assumes repdatetb@chieve
long term mixed outcomes. The Kalai-Smorodinski solutionaept[4],
under the same conditions, produces a result that assuteglagers achieve
the same proportion of their maximum possible payoff.

Axelrod’s famous Prisoner’s Dilemma tournaments () weradtated
under the more challenging conditions of concurrent plagheuit collab-
oration. He did retain repeated game play. The most signifideparture
from the solution concepts already described however wasdthinking
of the player. The rational goal of maximizing individualodf was rede-
fined and the assumption of an optimal rational tactic foieghg it was
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dropped. Instead each player was an individual with a distfgorithm

for playing the PD game and a goal of maximizing total paygtiast all

players in the tournament. In addition to the payoff infotior, a player

has access to the results of previous games and is perntgtbedude that
information in determining the next strategic choice. @igaany results
achieved under such rules are context dependent - a playecess is de-
termined in part by the other players in the tournament.

In 1990, Miller extended the tournament model in two ways.illévi
1991, 2006) First, instead of including a population of fiyddyers, he
generated a set of random players based on an abstract nmodall@aved
them to learn, via genetic algorithm, to play as they parétad in repeated
tournaments. With the populations that emerged, he todkstieps toward
identifying characteristics of successful behaviour. lerationalized the
notion of complexity of playing strategy based on his alz$traodel and
and computed the relative complexity of strategies in theupations.

Miller's second extension to the tournament framework veesaply the
approach to the entire class of strict ordinak 2 games. Based on the
complexity of the most successful row and column playerdldfia games,
he made some observations on which games are hard to playe Bxtent
that these games model social situations, we can claimdiutttiat the social
situations also are challenging.

It is for exactly this kind of analysis that we have proposadalerna-
tive organization of the ordinal 2 2 games based on a formal topological
model.(Robinson and Goforth, 2005) This model providesaagiorma-
tion operator that explicitly defines how similar games aredch other. A
layout of the games according to this similarity measureiciwive have
named a periodic table, allows us to display data like M8leomplexity
measures, identify clusters and hence determine connsctiocommon
game properties.

In the next section, we introduce the model of th& 2 games and
compare it to other organizations (Rapoport and Guyer 19866, Brams
1992). We also demonstrate the organizational power of thaefrby dis-
cussing the distribution of some common game sets such adication
games, dominance solvable games, cyclic games, zero-smesga

Next we briefly summarize Miller’s results and observatibefore dis-
playing them on the periodic table... ***********(more hee later)

2. VISUALIZING 2 X 2 GAMES ON THE PERIODIC TABLE

The periodic table (RandG 2005) was designed as an alteenata-
nization of the 2x2 ordinal games with the goal of locatingitar games
close to each other on the premiss that global patterns raightge if data
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FIGURE 1. Patterns of Row’s Payoffs

gathered across many games were displayed on the table petiodic ta-
ble, similarity is determined by comparing payoff matrieesl formalized
by defining operators that transform one game into another.hyyothe-
sized that properties are related to underlying featurggagbff structure
and that clusters of related games would exhibit similapprties. This has
turned out to be the case.

2.1. The structural logic of the periodic table. Under the usual assump-
tion of equivalence under the exchange of choices, a pldyestoict ordinal
2 x 2 game sees one of only six possible patterns of her own payifiese
are enumerated for the Row player in Figure 1 and indexed asillvase
them later. Likewise she faces one of six possible configamatof her op-
ponent’s payoffs. For a specific pair of payoff patternsreteee four ways
to combine them to create distinct games. In all there at6 4 = 144
strict ordinal games. This set of games is portrayed on thedtie table.

Similarity of games is defined structurally by comparinggiynatrices.
For any game, those most similar to it are the games that diffly in that
a pair of ordinally consecutive payoffs (1 and 2, 2 and 3, on@ 4) for
one player are in exchanged positions in the matrix. Henegy@ame has
six adjacent neighbours and we can represent the ordin&@ g@ames as a
graph of 144 nodes with each connected by 6 edges to other maaies.

This graph of 144 nodes and 432 edges cannot be mapped otoeesol
displaying it requires some decisions about which adjaesrto highlight.
We do so based on the presumption that swapping high-valagalfs 3
and 4 will alter the character of a game more than swappingviaiwed
payoffs 1 and 2 or 2 and 3. By concentrating on the four lovwedlswaps,
the periodic table will show games near those to which theyganerally
most similar.

The resulting graph with nodes of degree four is now discotatkeinto
four simple toruses that are easily displayed as@'‘layers’ of games.

Iwe do not reduce the set to 78 games by assuming equivaledee te exchange
of player roles. The adjacency based on ‘swapping’ a paiaybfis is therefore uncon-
strained and the graph naturally includes all games andsedggologically, the graph is
a 37-hole torus.
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FIGURE 2. Arrangement of the 2 games by indices

Based on the initial observation that there are six pattenneach player,
we can identify the rows of each layer with particular rowygapatterns
and the columns with column patterns and thus index the gaswsding
to array position. If the four layers are piled up so that rattgrns and col-
umn patterns coincide, then the four games with the same movzcalumn
index form a ‘stack’. In every stack are the four distinct gangonstructed
from the same row and column payoff patterns. To each ganssigreed a
three digit index designating its layer, row and column. &ample, game
214 in Figure 2 is on the second layer in row one at column f&igure
3 shows the stack of four games, including game 214, thaegharsame
row and column payoff patterns.

As well as payoff matrices, Figure 3 shows the alternatipeegentation
in payoff space, called aorder graph that is employed in the periodic ta-
ble. Row payoffs are plotted on the horizontal axis with cotupayoffs
vertical. Each point represents an outcome and the edgessesy induce-
ment correspondences (Greenberg**) corresponding tcsrooices (dou-
ble) and column’s (single) on the payoff matrix.

In the periodic table, displayed in Figure 13 at the end ofpthger, the
four layers are arranged in a two by two array creating a 12 display of
games. Clearly, the configuration is still underconstraia&there is choice
in where to cut and project the toruses to form layers ancetisezhoice in
how to place the four layers. In the static printed versiotheftable, we
have made specific decisions but in the dynamic online verthe user can
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FIGURE 3. A stack: four games with the same payoff pat-
terns for each player. The open dot indicates a Nash equilib-
rium outcome.

move, roll and reflect the layers to feature different adjaees, including
the swaps of 3 and 4 values that connect games on differegristay

2.2. Emergent properties of the periodic table. Although the adjacency
of games on the periodic table is defined in strictly struadtterms, there
are many basic properties, including some used in definkantamies, that
show up as clustered regions of the table.

2.2.1. Player patterns.The six patterns for one player form a closed cycle
under consecutive swaps of 1 and 2 then 2 and 3. The threernsathat
contain a dominant strategy are adjacent (indices 1, 5 amdfyure 1 as
are the three that do not have a dominant strategy (2, 3 anthé)pattern
labeled 1 is the weakest of the dominant strategy pattdra®rily one with

a dominant payoff of 2.

%For a complete treatment of the periodic table, see RobiasdnGoforth(2005). A
printable pdf file of the static table is available at (my @$)well as an online beta version
of the interactive table.
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FIGURE 4. Symmetric games on the diagonals of layers 1
and 3

2.2.2. Symmetry and Player Exchangk a symmetric game, both players
have the same payoff patterns, but only two of the four ndatrientations
produce a symmetric game. The twelve symmetric games arayeansl|
1 and 3, occupying the shaded positive diagonal in Figuresgligating
Figure 13 where the row and column indices are equal. Ganmibstiae
same row and column index on layers 2 and 4 share the samenplatite
are not symmetric.

The games that are equivalent under an exchange of playebeqgaired
by reflecting across this diagonal on the full periodic taifl€igure 4. For
example, game 214 is equivalent to game 441 and 326 is equotval 362.
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FIGURE 5. Layer Quadrants based on Dominance

2.2.3. Combinations of patterngzach layer can be arrayed with the row

player's dominant strategy patterns in the top three rowstha column
player's dominant strategy patterns in the rightmost caolsindll the figures
in the paper are configured this way. Where these patterns imékee
top right corner are nine dominant strategy games, showmtvé darkest
shadingin Figure 5. The nine in the top left are dominanceadd because
the row player has a dominant strategy as are those in thenbatght
because the column player has a dominant strategy pattethe lbottom
left (white in Figure 5) are the games with no dominant sggateThese
descriptions apply to all layers.
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FIGURE 6. Quadrants with Zero or Two Nash Equilibria.
Nash equilibria outcomes are circled in colour in all games.

2.2.4. Equilibria. All dominant strategy and dominance solvable games

have a single Nash equilibrium. All the games with zero or agailib-
ria are composed of player patterns without a dominantegjyat These
are the games in the bottom left quadrant of each layer, shiad€igure
6, where both players have patterns 2, 3 or 4. This figure stzowis-
cle around the Nash equilibrium outcomes. The games ond&/and 4
have no equilibria. Those on layers 1 and 3 have 2 equilibrighey are
further distinguished. On layer three, all the games haweeamuilibrium
that Pareto-dominates the other, the so-called coordmatames includ-
ing Stag Hunt (game 322); on layer one are the Battle-ofSees games,
including Chicken (game 122), with two undominated equidib
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FIGURE 7. Rapoport and Guyer Taxonomy on the periodic table

2.2.5. Rapoport and Guyer’s Taxonomin Figure 7, the games are coloured
and indexed according to the taxonomy in Rapoport and GUB§6). Re-
flected asymmetric games have the same index. Except foiubeshbaded
games (67, 68, 69) “two equilibria with non-quilibrium sban”, all of the
taxonomic categories are contiguous in the periodic tefbdene of the ad-
jacencies are 3-4 swaps not shown in the configuration ofr€igu Note
that the “no equilibrium” category (purple) on layers 2 oliglexactly the
set identified as having no dominant strategy for eithergiay Figure 5.

2.2.6. Other patterns to demo?
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3. MILLER’S EXPERIMENTS

John Miller (1991) speculated that players ok2 games need more
complex strategies to play some games successfully thansotfio opera-
tionalize strategic complexity he defined playing stragegis Moore finite
state machines with 16 states. He created a pair of popuatibrandom
machines and engaged them in iterated play ok& 2ame in a tournament
between the two populations. The results of the iterategl\pére used as a
fithess measure for a genetic algorithm that evolved eadiregiopulations
as they ‘learned’ to play each other over a sequence of tmegnts. The
experiment was repeated for all 7&2 ordinal games.

As Miller postulated, in some games, the Moore machinesvewdato in-
clude fewer states defining simple strategies. In other gathe machines
retained more states to define more nuanced strategieser Nalbulated
results for each game once the conditions stabilized.

e The behaviour of the strategies was indicated by the reldtis-
quency of the four outcomes in iterated play. This was arcatdr
of the success of the strategies.

e The complexity of strategies for row and column players was-s
marized as a pair of numbers in a normalized distributionhef t
average number of states in the final populations. On this sitee
simplest strategy was coded as -1.7 and the most compleg.as 1.

e Miller observed that encounters in some iterated gamelggétito
patterns where the relative frequency of outcomes was re fiat
cycled through a repeating sequence. To measure the stalbiline
outcome frequencies, he created a statistic, a measurenpbtal
deviation, based on the standard deviation of moving aestage
tracked the maximum standard deviation of the outcome &equ
cies and the aggregate of the four, again normalizing thteitalis
tions. Aggregate temporal deviation ranges from -0.63 fable
distributions to 5.45. Miller observes that there is somgeaia-
tion (p = 0.35) between strategic complexity and temporal outcome
variation.

In Table 3 at the end of the paper, a few records from Milledsadare
displayed.

Miller did not attempt to make a causal link from the featunégames
to the characteristics of player strategies but he did elessrme apparent
connections:

(1) The games with dominant strategies have simple playategiies,
except for the Prisoner’s Dilemma. Games without Nash dayial
have complex strategies.
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(2) The Rapoport and Guyer taxonomic categories, excephé&tno
equilibrium” category (purple in Figure 7, games indexed78),
do not appear to correspond to the patterns of strategic lesityp

(3) A small change in payoffs (a symmetric 1-2 swap for botk amd
column) makes a difference in the frequency of the most effici
(4,4) outcome in the two symmetric coordination games. &hes
games 333 and 344 are included in Table 3 with Rapoport anéiGuy
indices 60 and 63.

4. MILLER’S RESULTS ON THEPERIODIC TABLE

Since the patterns of dominance solvability and Nash dajialiemerge
so clearly on the periodic table, it seems justifiable to lémktrends in
other data when displayed on the periodic table. One cogdeathat a
first analysis based on such a display is warranted, whetheds emerge
or not. Even a chaotic display would be revealing as it wolildieate cor-
relation with the dominance and equilibria and remove themxplanatory
factors in the phenomenon under study. We have used Mitterigplexity
information as a case study.

To display Miller's data on the periodic table, we must mapnir78
games to 144. The 12 symmetric games transfer directly it ehthe
66 asymmetric games must be mapped to both variants. Forame,dhe
row player will be interpreted as the row player and for thieeotrow will
become the column player. The advantage is that now thertayeplexity
measures of all 144 situations that a player ef2may face can be directly
compared.

The transformation must be done with a caveat however. Thaalzed
complexity measures can only be put together under the ggmthat
the original complexity values came from the same distidsutMoreover,
the variation in results between the two reflected versidasm @symmetric
game, that would occur if a 144 144 experiment had been conducted,
is lost. The possible variation is signaled by the diffeeeit complexity
of the players in the symmetric games. For example, the rayepl of
Prisoner’s Dilemma has complexity 0.9 while the column plag a simpler
-0.1. The distinct values for the players of symmetric gaimage been
included in the data set.

4.1. Individual payoff patterns. Figure 8 shows the complexity measures
for the row player on the periodic table. The simple strasgire red (com-
plexity < 0) and the complex ones black. To focus attention on the metre
of the distribution, the radius of the circle is proportibt@athe absolute
value of the normalized complexity. The horizontal strigsaggest a con-
nection between the complexity and the payoff pattern theplayer faces.
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FIGURE 8. Row’s strategic complexity: red is simple, black
is complex. Row patterns indicated at left.

Dividing the games into six groups of 24 based on row play¢tepa al-

lows us to conduct pair-wise t-tests among the groups. Tdtsein Table
1 confirm that the three groups associated with patternowith dominant
strategy (2, 3 and 4) are indistinguishable and are assaocvwth complex
strategies. Two of the dominant strategy patterns (5 ande@lao indistin-
guishable and the strategies they evoke are simple. The pdltiern, 1, is
the weak dominant strategy pattern with intermediate cexigl.

Applying the pairwise t-test to the games grouped accortbhngplumn
pattern finds no distinction in row complexity among the siaugps. When
the games are grouped by layer, there is a only significaf@rdiice, at the
5% level, between layers 1 and 3.

4.2. Opponents’ payoffs: Interaction of payoff patterns. Although the
column pattern was not found to be a primary indicator of romategy
complexity, it did prove to be a secondary factor. The row plaxity of
each game was represented as a deviation from the averagéegiagnof its
row pattern group. The resulting values were grouped agupitd column
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TABLE 1. Pairwise t-test of Normalized Row Complexity
aggregated into six groups of 24 games according to Row
payoff pattern.

2 3 4 5 6
0.004 0.000 0.002 0.000 0.000
0.508 0.898 0.000 0.000
0.594 0.000 0.000

0.000 0.000

0.878

abwdNBEF

Average complexity by row pattern group:
1 0.079/4 0.671
2 0.646/5 -1.104
3 0.763/6 -1.129

TABLE 2. Pairwise t-test of Residual Normalized Row
Complexity aggregated into six groups of 24 games accord-
ing to Column payoff pattern.

2 3 4 5 6
0.007 0.000 0.001 0.570 0.704
0.326 0.401 0.001 0.019
0.865 0.000 0.001

0.000 0.001

0.336

abwdNPRF

pattern and a pairwise t-test was applied again. This timé&ttee dominant
strategy groups were significantly different from the threout dominant
strategy, all but one at the 1% level. See Table 2. Thus thegae might
expect to be the most challenging to play have row patteri@sdz,4 and
column pattern 2, 3 or 4 also. Of these 36 games, 35 are abevedhn in
complexity for the row playér

Miller's observation about the complexity of games in theoBaort and
Guyer “no equilibrium” category can now be put in context.a*Equilib-
rium”, shaded purple in Figure 7, consists of nine games a/tigre is no
Nash equilibrium, precisely the games on the bottom lefdgaat of layer
2 or 4 where neither player has a dominant strategy as in &iguiThese
are among the games predicted to inspire complex row stestey their
row patterns and column patterns.

3A secondary analysis based on layers found the only signifidéference in row
player complexity, in pairwise t-tests, between layersd &as before.
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FIGURE 9. Differencesin Complexity: Orange indicates the
Row strategy is more complex

4.3. Asymmetric games: when the challenges are not equallhe anal-
ysis just described can be applied equally to the columnesfies which,
except for the symmetric games, are the same data set. Byacmgjhe
row and column complexities, we can make some estimate afyequin-
equity of challenge faced by two players in a game. Considennly the
primary effect of the payoff pattern each player faces, iplgg game where
the pattern is 5 or 6 is “simple” or “S”, playing a 2, 3 or 4 is foplex” or
“C” and facing the pattern 1 is “neutral” or “N”. Each game dsnpredicted
to be more or less equitable depending on the pattern eacluetecs.

How well does the data match these predictions? In Figureeddiffer-
ences between the complexity measures of strategies ogpeach other
in every game are displayed. Where the row player has morglearbe-
haviour, the dots are coloured orange; where the columreplsymore
complex, the dots are blue. Dots ‘disappear’ when the coxitglgalues
are equal.
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Along the diagonal of each layer, the squares labelled CCNBBare
populated with games where, predictably, the difference®mplexity are
small. The largest differences should be expected in regiaelled CS
or SC and again, several games meet this expectation. Retiapnost
important use of this diagram however is to identify the edtésns. For
example, the regions CN and NC adjacent to the Prisoner&idiia game
111 (green) are, unexpectedly, equitable in complexityufé 8 shows that
Row’s strategies in the pattern 1 row are relatively compbexhose games
(412, 413, 414). These are the three asymmetric games thsggoPareto-
dominated dominance-solvable Nash equilibria and, as Wesee later, a
more complex row strategy has improved the payoff for thgqmi&.

4.4. Looking for trends. Miller’s observations concerning his complexity
data came from examining the data and game characterigtitzbllated

as in Table 3. Portraying the data on the periodic table isvaher pat-
terns that can be examined more rigorously by other mearis.hels been
demonstrated with the relation between complexity and fhaaitern in
Section??. Here we draw attention to some other trends in Miller's data
but, in the interests of brevity, omit further analysis.

4.4.1. Dominance and NotThe weak dominant strategy pattern, 1, is ad-
jacent by 12 and 34 swaps to the non-dominant pattern, 2, avityg one
peak payoff outcome. Call this the 'soft’ boundary in thesethat the dif-
ferences across it are not extreme and there might be somahblgeding

of characteristics. The other dominant-nondominant bagndccurs be-
tween a strongly dominant pattern 5 and a nondominant patternith two
opposite peaks of 4 and 3. We can hypothesize that thereavdlrbore ex-
treme disruption in game characteristics crossing thisddtoundary than
the former so call this a 'hard’ boundary. Specifically we Vabexpect to
see more extreme differences in strategic complexity.

As an example, the most extreme changes in complexity occossithis
boundary between games 114, and 115, 164 and 165, 154 and 85;
sition that changes dominance solvable games to gameswattidminant
strategies. The games 164 (Protector 4) and 165 exhibit s extreme
difference in strategic complexity for one player. Row’srmaexity mea-
sure is simple and almost fixed, -1.4 and -1.5. Column’sexgsator 164 is
1.3 but for 165 itis reduced to -1.9. The relation betweeséhe/o games is
a C23 swap changing a dominant strategy pattern (5) to apétpwithout
a dominant strategy. The swap also moves the Nash equidrom one
outcome to another. In the intermediate boundary game @vbayoffs 2

“The inverse argument applies for the games in the verticabme games 221, 231,
241.
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and 3 are equal) the Column inducement correspondence lesa@idon’t
care” choice. Hence, it is Column’s pattern that changeslowt’'s payoff
that is affected, 4 in 164 and 3 in 165.
Games 154 and 155 as well as 114 and 115 show similar changes in
complexity for the Column strategy and fit the same strutfpatterns as
164 and 165. In 115, Row’s payoff at the Nash equilibrium i/éhand
the outcome is inefficient.

4.4.2. Effectiveness of the Moore machine strategiBlse analysis so far
has confirmed Miller’'s premiss that challenging gamestaiicire complex
behaviour but we have not examined the outcomes to evalwatsuccess
of the Moore machine strategies. Miller has recorded theuieacy of each
outcome in the final rounds of the tournaments (see Table 3escaw ex-
amine how well the strategies play. If we are willing to imest ordinal
values as actual payoffs, we can compute average outcomiefplayers
from the frequencies in Miller's repeated play encounté&isese values are
shown in Figure 10 as green crosses, together with red siaflehe Nash
equilibria. The performance of the strategies is quitectife as a glance
at the figure shows.

e We assume 97% frequency of an outcome as a fixed solution strat
egy. The strategies are quite effective in the 36 games witfigkant
strategies for both players (top right quadrant of eachragehiev-
ing the dominant strategy equilibrium solution in all ganegsept
three, 111 (Prisoner’s Dilemma) with 24.6% frequency wheee
equilibrium solution is Pareto-dominated and 211 and 414 94%,
where the equilibrium solution is not socially efficient.dh cases,
both players face payoff pattern 1.

¢ Inthe 72 dominance solvable games (top left and bottom gghad-
rants), the equilibrium solution is achieved with 97% freqay in
56 games, including all with efficient, fair payoffs. Sixteshow
more equivocal behaviour. In six of these games, 221 and 412,
231 and 413, 241 and 414, the equilibrium is Pareto-domiratel
the more efficient outcome frequently results. In two gan2d2,
and 421, an inefficient equilibrium outcome is often avoittadhe
more efficient one. In six more games, 213 and 431, 214 and 441,
112 and 121, a fair, equally efficient outcome is sometimkcted
over an unfair Nash equilibrium. In 252 and 425, an outconta wi
opposite payoffs for the players is sometimes reached. ©S$itk
teen games, only the last does not contain a payoff pattetn of

e There are 18 games with two Nash equilibria.

— Nine are coordination games (including Stag Hunt) with 4)4,
outcome dominating another equilibrium. All these games ar
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FIGURE 10. Average outcomes for Moore machine players
(green cross) compared to Nash equilibria (red circle)

successfully solved to achieve the dominant outcome except
one, 333, where a reduced 94.3% frequency is achieved.rMille
attributes this to an extreme penalty - payoff 1 - for tryiog t
achieve the efficient outcome and failing to coordinate.

— The other nine games with two equilibria are battles-of-the
sexes with neither equilibrium dominating. Chicken is afso
this set. These games are apparently harder to play. While eq
librium outcomes are almost always achieved (the excejion
122 Chicken where a fair and equally efficient outcome occurs
once in nine) they are not efficientin 123 and 132, 124 and 142,
the cases where the two equilibria are not equally efficient.
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FIGURE 11. Efficiency and Complexity: Shortfall from
most efficient outcome in red; average complexity of players
in black

the four cases of equal efficiency, there is not fair distidou

In spite of the relative failure in these games comparedéo th
coordination games, the complexity of the playing straegs
similar.

e The 18 games with no equilibria inspired the most complextstr
gies. That makes are the most difficult games but considesala-
cess was achieved. In the ten games that had an efficientnoaitco
of (4,3) or (3,3), this was found as the most frequent outconadi
cases. The other eight are games of pure conflict, inclutiegaon-
stant sum games 234 and 443. These games had the most wvariatio
in outcome but the outcomes are reasonably efficient andmaasy
fair, comparable to the battle-of-the-sexes games.
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4.5. Complexity and Success.In Figure 11 efficiency and complexity are
plotted together. Efficiency is calculated as the maximuial fwayoff avail-
able in the game for any output minus the actual total paywfttie Miller
solution. It it shown as a red square with larger squaresatiig a greater
shortfall from maximum possible efficiency. Complexity ettotal com-
plexity for both players with only positive complexitiesastn as black
squares, larger for more complex strategies. Simple giegt@re not dis-
played. In general, the games where there is a single Nashbeigm
are simple to play with efficient outcomes. The notable etioap are the
seven, in an ‘L’ shape centred at game 111, the Prisonersidila, where
the dominant strategy outcome is Pareto-dominated. Gaitigsuva dom-
inant strategy are more challenging and the Moore machieamare com-
plex though reasonably successful at finding efficient smhst

Thus, we can notice where strategies, simple and compler, ‘fialed
to notice” opportunities for greater efficiency. When coexpbtrategies
have not achieved efficiency, a hypothesis could be that #ehimes did
not possess enough potential for complexity to improve #selt. These
are the truly challenging games.

To examine the relationship of complexity and success mosely, an-
other display in Figure 12 shows four values: success anglexity for
both players. Again simple strategies are ignored; onlyglemstrategies
are shown. The Row player’s complexity, in black, is in thétdm left of
the display, while Column’sis in the top right. Success ismged to a less
rigorous standard: the shortfall from the payoff expectecbeding to the
Kalai-Smorodinski bargaining solution. The shortfallrfrahe K-S value
is recorded in red. A player’s payoff may exceed the KS vailueyhich
case it is shown in blue. Row’s payoff success is shown abbotight and
Column’s at top left.

Computed from strict ordinal payoffs, the K-S values areagfsvequal
for both players so the diagram shows the inequity of paydffsst of the
unfair distribution of payoffs occurs in simple games withmdnant strate-
gies: in many cases (layers 2 and 4), it is the player with th@idant
strategy who receives less. By contrast, the payoffs arenrmare equi-
tably distributed in the more challenging games with no dant strategy
patterns.

5. CONCLUSIONS

A search for games that present challenging situationsaygeps should
focus on player’s eye views of the play, not on the ultimateeomes. This
implies attending to preferences and to strategies fondgryo deal with
them. We have organized the ordinak 2 games according to preferences
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FIGURE 12. Player complexity and success.

Lower left: Row complexity; lower right: Row payoff
Upper right: Column complexity: upper left: Column payoff
Red: deficit from KS bargaining payoff
Blue: excess over KS bargaining payoff

and have found that the resulting structure clusters gantksimilar prop-
erties near each other. Miller's experiments demonstretedome games
require more complex strategies to play successfully thbhers. The sur-
prising result of displaying the complexity measures orpiieodic table is
that the primary determinant of a challenging game is theviddal payoff
pattern a player is faced with. Having a dominant strategiesalaying
easier.

The games where the complex behaviour appears to work amntse
that we expect to be challenging because they do not admgioffle strat-
egy such as dominance solvability. The efficient and faiconres in the
cyclic games with no Nash equilibrium are remarkable resoitMiller's
experiments.
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As Figure 12 shows, the strategy of dominance solvabilibylexsimple,
is not always successful. In the most blatant failures, #dret®-dominated
dominant-solvable outcomes of the Prisoner’s Dilemma &daighbour-
ing games, the complex strategies have reacted and follbeter strate-
gies. (These are precisely the games where Miller obseerafddral devi-
ation in the long term proportional outcomes though we hatealiscussed
this aspect of the behaviour in detail here.)

However, the Moore machines were taken in by dominance Bititya
in many other games where fairer and even more efficientisakitvere
possible. In the dominance solvable games 212(55), 213234d)44), for
example, Row has a dominant strategy that produces Naslibeigusolu-
tions. The payoff distributions of these outcomes are uragainstRow,
payoffs of 2 versus payoffs of 4 for Column. Row can do betteplaying
against the dominant choice. This is a subtler, presumabhge momplex,
situation than the Pareto-dominated Nash equilibria. Tlo®efd machines
playing Row made some move toward better solutions: theseganded
at the Nash equilibrium only 61.9%, 70.8% and 89.6% of thefiraspec-
tively, resulting in improved payoffs of 2.66, 2.28 and 2.08

Perhaps more potential complexity is needed to capturelthdenge of
these games. In that case, our primary finding - that facingraimhnt
strategy makes for relatively easy play - could well be dispd.
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Column Legend

G#| RG number

Payoffs| payoff matrix
S| (S) symmetric or (.) not
RG | Rapoport and Guyer classification (e.g., a: two dominaategies, no conflict)
0,00,11,01,1 (P or.) Pareto-dominated; (N or .) pure Nash equilibriumRJZ,.) both, row, col or no dominant strategy
o 0,00,11,01,1 frequencies of observed outcomes
Tcpx, cepx, scpx normalized complexity for row, column and aggregate
maxTD, aggTD| normalized maximum outcome frequency temporal deviaiggregate deviation for all outcomes




